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Abstract—Channel estimation is always implemented in com-
munication systems to overcome the effect of interference and
noise. Especially, in wireless communications, this task is more
challenging to improve system performance while saving re-
sources. This paper focuses on investigating the impact of
geometries of antenna arrays on the performance of structured
channel estimation in massive MIMO-OFDM systems. We use
Cramér Rao Bound to analyze errors in two methods, i.e.,
training-based and semi-blind-based channel estimations. The
simulation results show that the latter gets significantly better
performance than the former. Besides, the system with Uniform
Cylindrical Array outperforms the traditional Uniform Linear
Array one in both estimation methods.

Index Terms—Antenna array geometry, structured channel
estimation, massive MIMO-OFDM, CRB.

I. INTRODUCTION

Massive MIMO (Multiple-Input Multiple-Output) is a tech-
nology in 5G wireless communications that uses a large
number of antennas at the base station to communicate simul-
taneously with multiple user devices in the same frequency
band. Massive MIMO combined with Orthogonal Frequency
Division Multiplexing (OFDM) obtains the numerous benefits
of coverage, capacity, spectral and energy efficiency [1].

In communications, to recover source signals exactly, sys-
tems must get the channel state information (CSI). The known
training symbols, aka pilots, are inserted in the data sequences
to estimate CSI and synchronization. The length of pilot
sequence should be larger than the number of elements in
the antenna array. Because of the huge number of antenna
elements, channel estimation in massive MIMO systems is
very complex with a long training overhead [2].

There are two popular wireless channel models that are
unstructured and structured models. The unstructured model
is used mostly because of simplicity but it is not really
suitable for millimeter wave with several significant reflective
waves. This paper relates to semi-blind channel estimation
in millimeter wave MIMO-OFDM systems. Semi-blind (SB)
channel estimation algorithms are combinations of conven-
tional training-based methods and blind methods. They use
several pilot symbols and other kinds of information [3]. SB
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algorithms can reduce the number of pilot symbols efficiently
but maintain acceptable accuracy [4]. In the unstructured
channel model, paths between each pair of transmitter and
receiver antenna are described as complex gains [5] while
the structured model includes complex gains, Directions of
Departure (DoD), and Directions of Arrival (DoA). This model
is also called specular or geometric channel model [5], [6].

In [7], Poormohammad et al. proposed that the geometries
of antenna arrays certainly affect the accuracy of the DoA and
DoD estimation. Furthermore, when the number of antennas
becomes larger, 3D antenna arrays save significant installation
space compared to 1D- and 2D arrays. Generally, most studies
in the literature only consider a system of 1D or 2D antenna
arrays. Thereby, in this work, we analysis of the performance
bound of the semi-blind channel estimation in 3D-massive
MIMO array geometries. For the SB method, besides the
pilots part, the data symbols are assumed to be i.i.d and
known statistical. The performances of systems are measured
by Cramér Rao Bound (CRB) [6] for two antenna array
structures, i.e., Uniform Linear Array (ULA) and Uniform
Cylindrical Array (UCyA). From the simulation results, the
UCyA outperforms the traditional ULA array regarding SNR
and the number of elements in arrays.

Our contribution in this paper is to propose a CRB deriva-
tion for SB channel estimation in UCyA structures. The struc-
tured model of 3D-massive MIMO is presented in section 2.
CRB deviations for training-based and SB channel estimation
methods in structured and unstructured models are shown
in section 3. At last, the performance of ULA and UCyA
structures are compared in numerical experiments.

II. SYSTEM MODEL

This paper considers a massive MIMO-OFDM communi-
cation system in the Uplink channel with Nt transmit mono-
antennas and Nr receive antennas with K sub-carriers. Each
OFDM symbol consists of K data symbols and a CP (Cyclic
Prefix) to avoid inter-symbol interference. At r-th receive
antenna, after removing Cyclic Prefix and then FFT K-point
of OFDM data samples, the output signal yr in time domain
can be expressed by [6]:



yr =

Nt−1∑
j=0

FT (hr,j)
F
K

xj + vr (1)

where F represents K-point discrete Fourier matrix, T is a
circulant matrix of hr,j ; xj is j-th OFDM symbol of length
K, and vr ∈ CK×1 is an additive noise vector drawn from an
i.i.d circular complex Gaussian distribution CN

(
0, σ2

vr
INr

)
.

The hr,j is an element in the vector form of full channel matrix
h ∈ CNrNt×1 given by:

h =
[
h⊤
0 ,h

⊤
1 , . . . ,h

⊤
Nr−1

]⊤
,hr = [hr,0, hr,1, . . . , hr,Nt−1]

⊤

(2)
Assume that L is the number of paths between a transmit an-

tenna and receiver. Following the structured channel approach,
we model the hr,j according to L paths, complex path gains,
and steering vectors, as follows:

hr,j =

L−1∑
l=0

βl,j · e−ikcs(θl,j ,ϕl,j) (3)

for the l-th ray, β represents complex path gain. Zenith and
azimuth angle of DoA1 are θ, ϕ, respectively. The (·) being
scalar product. The other notations in Eq. (3) are expressed as
follows:

kc = 2π/λ

s(θl,j , ϕl,j) = ŝ · sp
ŝ = sin θl,j cosϕl,jx̂+ sin θl,j sinϕl,j ŷ + cos θl,j ẑ

sp = xpx̂+ ypŷ + zpẑ

(4)

where λ is the wavelength; ŝ is the unit vector in the direction
of the field point; sp is the position of p-th element in
receiver’s antenna array (xp, yp, zp).

Particularly, we focus on two configurations of antenna
arrays , i.e., 1D and 3D structures [7]. For 1D arrays, we
consider arrays with NULA elements of ULA, where elements
in these arrays are spaced by d2D. For 3D arrays, UCyA
consists of N3D layers of UCA (Uniform Circular Array)
in size of NUCA elements. In this configuration, the spacing
between two elements in UCA arrays is also d2D and the
distance between two layers is d3D in z direction. Thereby,
the radius (R) of the UCA would be:

R =
1/2 · d2D

sin(π/NUCA)
(5)

The position (sp) of each element in the array structures is
expressed as follows:

sp(ULA) =


xp = nULA × d2D

yp = 0

zp = 0

(6)

sp(UCyA) =


xp = R× sin(nUCA × 2π

NUCA
)

yp = R× cos(nUCA × 2π
NUCA

)

zp = n3D × d3D

(7)

1For simplicity, we supposed that the DoD (Direction of Departure)
information is not available in the receivers.

where nULA = 0, 1, . . . , NULA − 1; nUCA =
0, 1, . . . , NUCA − 1, and n3D = 0, 1, . . . , N3D − 1.

III. CRB DERIVATION

In this section, we present the CRB derivations for the
structured and unstructured channel models in only pilots (OP)
and semi-blind (SB) estimators for 3D-massive MIMO array
geometries.

A. Only pilot CRB derivation

Almost wireless communication standards use the training
sequences in the physical layer (i.e., preamble) to estimate
the effects of the propagation channel in the received signals.
Typically, OFDM transceivers insert Kp pilot symbols, which
are known in both the transmitter and receiver. Thus, the re-
ceiver can exploit these pilots for channel estimation. However,
there is no way to perfect accuracy in wireless communication
because we cannot compute a perfect CSI. To estimate the
maximum possible accuracy in wireless communication sys-
tems, CRB is used for unbiased channel estimators. Basically,
the CRB is given by [8]:

CRB(Θ) = J−1
ΘΘ (8)

with JΘΘ is the FIM (Fisher Information Matrix) and Θ is the
unknown parameters vector to be estimated. In unstructured
model, Θ ≃ h [6], FIM is associated to the known pilots
denoted by Jp

ΘΘ. Therefore, the parameters vector to be
estimated is expressed by [9]2:

Θ =
[
h⊤, (h∗)

⊤
]

(9)

In massive MIMO-OFDM systems, Kp pilots are arranged
in OFDM symbols [10], and since the noise is an i.i.d random
process, we could formulate FIM in the OP case as follows:

Jp
ΘΘ =

Kp∑
i=1

Jpi

ΘΘ (10)

with Jpi

ΘΘ is the FIM associated with the i-th pilot [8] given
by:

Jpi

ΘΘ = E

{(
∂ ln p(y(i),h)

∂Θ∗

)(
∂ ln p(y(i),h)

∂Θ∗

)H
}

(11)

where E is the expectation operator; p(y(i),h) is the prob-
ability density function (pdf) of the received signal given h.
Eq. (11) is complex derivations. Hence, it can be expressed
by:

Jpi

ΘΘ =
x(i)Hx(i)

σ2
v

(12)

When considering a structured model as shown in (3), the
parameters vector of size 4Nt × L to be estimated is given
by:

Θ =
[
β⊤, (β∗)

⊤
, θ⊤, ϕ⊤

]
(13)

2We ignored noise powers (σ2
v) since its estimation error does not affect

the desired h.



with the complex gain, the conjugate of complex gain, zenith,
and azimuth angle of DoA vectors of size Nt × L
respectively are β = [β0,0, . . . , βL−1,Nt−1]

⊤, β∗ =[
β∗
0,0, . . . , β

∗
L−1,Nt−1

]⊤
, θ = [θ0,0, . . . , θL−1,Nt−1]

⊤, and
ϕ = [ϕ0,0, . . . , ϕL−1,Nt−1]

⊤. Regarding to the FIM derivation
of parameters transformation [8], the FIM (Jp

hh) of channel h
in (2) would be:

Jp
hh =

∂h

∂Θ
Jp
ΘΘ

∂h

∂Θ

H

(14)

where
∂h

∂Θ
=

[
∂h

∂β
,
∂h

∂β∗ ,
∂h

∂θ
,
∂h

∂ϕ

]
(15)

More particularly, we express the derivations as follows:

∂h

∂β
=

[
B⊤

0 , B⊤
1 , . . . , B⊤

Nr−1

]⊤
(16a)

Br = diag ([Br,0, Br,1, . . . , Br,Nt−1]) (16b)

Br,j =
[

∂hr,j

∂β0,j

∂hr,j

∂β1,j
. . .

∂hr,j

∂βL−1,j

]⊤
(16c)

where the derivations are precisely provided in (17).

B. Semi-blind CRB derivation

In the SB approach, besides using pilots, estimators also
use other information of the unknown data to aid in channel
estimation. In this paper, we supposed that pilots and data in
OFDM symbols are statistically independent. So, the FIM of
this strategy is formulated as follows:

JSB
ΘΘ = Jp

ΘΘ + Jd
ΘΘ (18)

where Jd
ΘΘ is FIM associated with the unknown data while

Jp
ΘΘ is related to the known pilots as formulated in Eq. (10).

The Kd unknown data are assumed to be i.i.d, with zero
mean and a covariance matrix Cx = diag

(
σ2

x

)
where

σ2
x

def
=

[
σ2
x0
, . . . , σ2

xNt−1

]⊤
with σx2

i
is the transmit power

of i-th transmit antenna. The covariance matrix Cy becomes:

Cy =

Nt−1∑
i=0

σ2
xi
λiλ

H
i + σ2

vIKNr
(19)

where IKNr
is the identify matrix of size KNr and λ is

defined as:

λ = [λ0,λ1, . . . ,λNt−1] , λj = [λ0,j ,λ1,j , . . . ,λNr−1,j ]
⊤

with λr,j = diag (F0hr,j) and F0 is the first column of matrix
F . The FIM of data has the following form:

Jd
ΘΘ = Kd

[
Jd
hh Jd

hh∗

Jd
h⋆h Jd

h⋆h∗

]
(20)

The FIM Jd
ΘΘ of data is given by [8]:

Jd
ΘΘ = tr

{
C−1

y

∂Cy

∂h∗ C
−1
y

(
∂Cy

∂h∗

)H
}

(21)

with ∂Cy

∂h∗
i

= λCx
∂λH

∂h∗
i

. In the unstructured channel model
approach, the CRB of the SB method is the inverse of (18).

Similar to the OP method, the CRB of the SB method using
the structured channel model is given by applying (18) to the
transformation in (14).

IV. SIMULATION RESULTS

In this section, we simulate three scenarios to verify the
performance of SB and UCyA antenna structures. In detail,
there are channel estimation CRBs versus, i.e., SNR (signal
noise ratio), the number of UCyA layers N3D, and the number
of UCA elements NUCA. The simulation parameters of a
massive MIMO-OFDM system are shown in Table I [5]. The
results are obtained by averaging 1,000 running times.

TABLE I: Simulation parameters

Parameters Specifications
Number of transmit antennas Nt = 2
Antenna spacing d2D = d3D = λ/2
Number of paths L = 4
Sub-carriers K = 64
Pilot, Data symbols Kp = 16,Kd = 48
Complex path gain β ∼ CN (0, 1)
Azimuth angle of DoA ϕ◦ ∼ U(−π/2, π/2)
Zenith angle of DoA θ◦ ∼ U(−π/2, π/2)

In Fig. 1, the number receive antennas is 96 where
NULA = 96, NUCA = 24, and N3D = 4. Overall,
CRB curves of the structure channel model approach clearly
outperform those of the unstructured at 103 dB of gain. For
(SNR ≤ 5 dB), the unstructured CRB of SB method is
slightly better than the OP one. In the structured approach,
the difference between the CRB of OP and SB methods is
evident when (SNR ≤ 5 dB) and remains stable at higher
SNR values. In massive MIMO array geometries, the CRBs
of UCyA structures are higher accurate than those of ULA
structures in both OP and SB methods. Thus, it can be shown
that using structured models, SB estimation methods, and 3D
antenna arrays can provide higher performance for channel
estimators in massive MIMO systems.

In Fig. 2, the number of layers N3D in the UCyA struc-
tures is investigated by fixing NUCA elements at 24 and
SNR = 5 dB. Again, the CRBs of the structured channel
model give superior quality to those of the unstructured model.
The first point, when the number of antennas increases, the
CRB of the unstructured model also increases. Moreover, the
SB method is also almost trivial in this case. On the other
hand, CRBs in the structured approach tend to decrease as
the number of antennas increases until all of them converge
to a point at 10−6. At N3D values as low as 2 to 6 layers,
UCyA structures give a relatively significant quality when
compared to the ULA in both NB and SB methods. Hence,
the structured model method gives a better channel estimation
error rate, while 3D antenna arrays are valuable when the
number of layers is small. However, note that, in addition
to the advantage of accuracy in channel estimation, UCyA
structures save powerful deployment areas.



∂hr,j

∂βl,j
=

1

2
(1− i) · e−ikcs(θl,j ,ϕl,j) (17a)

∂hr,j

∂β∗
l,j

=
1

2
(1 + i) · e−ikcs(θl,j ,ϕl,j) (17b)

∂hr,j

∂θl,j
= βl,j [−ikc(cos θl,j cosϕl,jxp + cos θl,j sinϕl,jyp − sin θl,jzp)] · e−jkcs(θl,j ,ϕl,j) (17c)

∂hr,j

∂ϕl,j
= βl,j [−ikc(− sin θl,j sinϕl,jxp + sin θl,j cosϕl,j · yp + cos θl,jzp)] · e−ikcs(θl,j ,ϕl,j) (17d)
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Fig. 1: CRB for ULA and UCyA vs. structured and un-
structured approaches. Configurations of antenna arrays are
NULA = 96, NUCA = 24, N3D = 4.
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Fig. 3: CRB for ULA and UCyA vs. number of NUCA. The
simulation parameters are N3D = 4, NULA = 4 ∗NUCA, and
SNR = 5 dB.

At last, in Fig. 3 the number of UCA elements NUCA is turn
in range 8 to 64 elements while N3D = 4, NULA = 4∗NUCA,
and SNR = 5 dB. Since the unstructured performance is only
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Fig. 2: CRB for ULA and UCyA vs. number of N3D. The
simulation parameters are NUCA = 24, NULA = 24 ∗ N3D,
and SNR = 5 dB.

affected by the number of antennas, its performance remains
at the same levels as shown in Fig. 2. However, instead of
converging as before in Fig. 2, the CRBs in the structured
approach gradually reduce as NUCA continues to rise. At large
NUCA elements, UCyA arrays linearly perform better than
ULA arrays. Note that, despite the accuracy benefits, it is more
complicated to produce large UCA arrays.

V. CONCLUSION

This paper uses Cramér Rao Bound to analyze the ef-
fect of antenna array geometry on channel estimation errors
in massive MIMO-OFDM systems. The CRBs of channel
estimation in both cases, i.e., OP and SB-based methods,
are presented. The simulation results demonstrate that the
structured channel model significantly improves the channel
estimation performance. The UCyA structure obtains fewer
channel estimation errors in this model, and this geometry is
more suitable than the traditional ULA structure.
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